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inter-Landau level scattering on the resistivity and 
thermopower of a two-dimensional electron gas 
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t Philip Fhsemh Laboratories, Redhill, S-y RHI SHA, UK 
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Abstract. The paper presents some results of M investigaticm into the quantum 
oscillations in the resistivity and themopower of a 2 0  electron gas at low magnetic 
fields in the liquid ‘He temperature rang. The t h m p o w e r  is expected to be 
controlled by electron-phonon scattering in this temperature range and it should be 
a useful probe of the different effeds due to inelastic intr- and inteLandau level 
scattering. We do see msny new phenomena which can  be explained in terms of the 
transition h m  the one type of scattering to the 0th- as the temperat- and field 
are changed We also see some new effects in the resistivity which may also be due 
to electron-phmon scattering. 

1. Introduction 

The first evidence that inelastic inter-Landau level scattering can play a role in quan- 
tum oscillatory effects seems to be that of Kent et al (1988) (see also Challis e l  al 
1989, Hardy et al 1989). They found that when a Si MOSFET was placed in a magnetic 
field E, the two-dimensional electron gas (ZDEG) scattered phonons in a heat pulse 
with an oscillatory dependence on B but with a phase that depended on kTph/hwc, 
where Tph is the temperature of the heat pulse and hw, the Landau level spacing. 
At kTph/hw, 0.35 a phase reversal was found in the quantum oscillations. The 
authors argued that for kT,,/liu, < 0.35 intra-Landau level scattering is dominant so 
the oscillations are in phase with those in the electronic density of states at the Fermi 
level E ~ ,  and hence also with those in the resistivity (which we denote by &=). For 
kTph!fiw, > 0.35 the dominant mechanism becomes inter-Landau scattering which is 
maximized when the Landau levels are equispaced about cp and so the phase reversal 
occurs. 

Inelastic inter-Landau level scattering was also invoked by Leadley et al(1989a) to  
explain some unexpected results concerning the behaviour of ;== in hetetojunctions 
when two electric subbands are occupied. The authors found that the amplitude 
of the resistivity oscillations due to the lower subband electrons is modulated by the 
passage of the upper subband Landau levels through cF. This in itself is not surprising 
because intersubhand electronic scattering would be expected to give such an effect. 

‘The unexpected feature was the fact that the modulation became stronger at higher 
temperatures which led to the suggestion that inelastic phonon scattering of electrons 
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between Landau levels in the two subbands might be responsible. Since then Coleridge 
(1990) has shown that elastic electron-impurity scattering between the levels might 
be able to account for this behaviour; this explanation in terms of elastic scattering 
appears to be more consistent with the fact that except for in the very highest mobility 
samples (> 100 m2 V-’ s-l ) the eerc-magnetic-field resistivity is almost completely 
determined by such scattering in the ‘He temperature range. 

In contrast to the resistivity, the thermopower in the 4Ae temperature range is 
expected to be almost completely controlled by electron-phonon scattering and so 
should be an ideal property with which to study intra- and inter-Landau level inelastie 
scattering. At  low kT/fw, (where T i s  now the temperature ofboth the lattice and the 
2DEG) inter-Landau level scattering is not possible and so intra-Landau level scattering 
must be the dominant mechanism (Lyo 1989, Kubakaddi el al 1989). As kT/hw, is 
increased inter-Landau level scattering becomes possible and could conceivably become 
dominant, part.icularly if the Landau level width is small which will serve to inhibit 
intra-Landau level scattering; one would then expect a phase reversal of the oscillations 
as in the heat pulse experiments. Since the observations of Kent e l  nl  (1988) were 
published, we haveexamined the quantumoscillations in the thermopower of a number 
of GaAs/GaAIAs heterojunctions in which only the lower subband was occupied but 
were unable to find any convincing evidence for a phase reversal near kT/hw, - 0.35 
(unpublished). We always found that the thermopower oscillations, which we denote 
by Sa,, decrease faster (as a function of kT/fw,) than the equivalent oscillations in 
P,, ; by kT/fwc - 0.4, S,, has essentially disappeared whereas li,= is usually visible 
until kT/hw, - 0.6. Of course the rapid decay of g,, might be caused, at least in 
part, by an increasing out-of-phase component due to inter-Landau level scattering, 
but we were unable to see any resurgence of the oscillations with opposite phase at 
higher kT/hw, as convincing evidence of this. 

The present paper reports similar thermopower results but on a high mobility sam- 
ple which can be taken from single- to doubleband occupancy by photo-illumination. 
When two bands are occupied, we see very strong amplitude modulation effects and 
phase shifts in grr. Some of these effects have no counterpart in data on p,, taken 
under the same conditions of kT/hw, and we take them as evidence for inelastic inter- 
Landau level effects. We also see phase shifts in s,.. when only a single subband is 
occupied, which are also presumed to be caused by inter-Landau level scattering. 

Although the present data on ?=, were taken primarily to compare with &,, they 
do provide more experimental information about the amplitude modulation and reveal 
some new features which do not seem to be consistent with Coleridge’s model and may 
well indicate the presence of inelastic effects. Nevertheless there is a range of kT/hw, 
where Coleridge’s ideas seems to be applicable and they are probably appropriate to 
the conditions normally encountered experimentally. 

After briefly explaining the experimental methods and analysis in section 2, we 
outline the main features of the experimental results in section 3, and attempt to 
interpret these features within the context of elastic and inelastic electronic scattering 
in section 4. 

2. Experimental technique and analysis 

The heterojunction sample we have used was prepared at Philips Research Laborato- 
ries, Redhill, UK and identified by them as G590. Some details of ita structure and 
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some other properties are given by Fletcher et 4l (1991). The unilluminated sample 
has a carrier density of 3.9 x 10'' m-a and mobility of 48 mz V-' s-l. With illu- 
mination from a red diode cF enters the second subband at a carrier density near 4.7 
x lo'' m-*, and the total carrier density nT finally saturates at 6.6 x 10'' m-2 at 
which point the second subband density is about 0.3 x l O I 5  m-z. 

All of the data reported here were taken with a magnetic field B perpendicular 
to the ZDEG, to an accuracy of 2-3'. One obtains the best signal to noise for the 
thermopower by using the maximum possible temperature gradient. This was usually 
achieved by cooling to about 1.1 K and applying sufficient power to the heater on the 
free end of the sample to raise the average temperature to any desired value in the 
range 1.5-4.0 K. Temperature gradients were measured by carbon thermometers and 
hence the absolute amplitude of the thermoelectric oscillations could be determined. 
We also required data on the resistivity at various temperatures so these were taken 
during the initial cooldown. 

A particular problem that we encountered was that nT tended to decrease slightly 
in the period following illumination. For nT - 4.9 x 10'' m-2, nT dropped by about 
0.5% over the first hour after illumination and becamestable to 0.1% only after several 
hours. This was a problem because we were interested in the relative phases of the 
oscillations observed in the resistivity and thermopower at various temperatures and a 
complete data set required many hours of experiments. To make absolutely sure that 
changes in nT caused no spurious phase differences, in one particular experimental 
run we took data for which there was always a 10-12h delay between illumination and 
experiments. 

Another difficulty that might arise in comparing the phases of resistivity and ther- 
mopower oscillations is that thermopower is essentially a twc-terminal measurement 
whereas resistivity uses four terminals and is sensitive to a much smaller part of the 
sample. If the sample carrier density is inhomogeneous the two coefficients would tend 
to exhibit different phases. We checked for such problems by comparing the phase of 
the resistivity as measured by using the usual four-sample contacts with that obtained 
by using only the same two contacts as required for the thermopower. We found no 
significant phase differences over the relevant range of measurements, i.e. the range 
over which the thermopower oscillations were visible; in our most sensitive measure- 
ments this implies an inhomogeneity in the carrier density of < 0.2% over the whole 
sample. 

For a singly occupied subband at a reasonably low field, the oscillations in the 
resistivity psz, which we denote by pZz, are expected to obey (Ando 1974, Ando el al 
1975, Isihara and Smrtka 1986) 

pzz = A(X/sinh X)exp(-2r2kTD/hw,) cos(2rf/B + 4) (1) 

where A is aconstant (Coleridge et 41 1989), X = 2xZkT/hw, (with the usualsymbols) 
and T, is the Dingle temperature which reflects the effect of impurity scattering on 
the width of the Landau levels. The carrier density n determines the frequency f via 
f = nrh/e. The thermal damping factor XfsinhX causes an exponential reduction 
in the magnitude of pzz at high T/B so we have multiplied all our experimental pss 
data by sinhXfX (using m* = 0.068 in, so that 2x2kT/hw, = T/B to within 0.1%) 
for presentation in the figures. According to equation (1) the resulting waveforms 
should be independent of the temperature at which the data were taken, and should 
show a smooth exponential decay as a function of B-'. There is no theory for the 
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phonon drag thermopower (see section 4) in the range of-kT/hu, of interest here. We 
have no reason to expect theJhermopower oscillations S,, to obey equation (1) but 
we have still multiplied our S,, data by sinhX/X to emphasize the oscillations at 
high TIE.  

Most of the data were recorded at equal intervals of 1/B (with typically 12- 
18 points per oscillation) which allowed filtering to be performed to separate the 
oscillations from the two subbands; filtering was done using the Fourier transforms 
and we used a pass band varying from 4-20 T at the lowest carrier density to 6-30 T 
for the saturated sample. Because the upper subband frequency was always very low 
it could not be separated from the background, but there was no difficulty in isolating 
the lower subband oscillations which are the focus of this work and are the ones shown 
in all the figures. 

In his work on 6==, Coleridge (1990) made use of the phase of the oscillations. 
As we mentioned in the introduction, we might expect the behaviour of the phase to 
be important in looking for a transition between intra- and inter-Landau scattering. 
Following Coleridge (1990) we chose a reference frequency fR as close as possible to 
the observed frequency f ;  this choice was always made using &= data at T - 1 K. 
These same data also allow us to fix the reference phase. To do this we simply take the 
last zero-crossing point of ,j,= (at the highest B) and choose a reference phase qiR in 
equation (1) consistent with this. All other experimental data, taken under the same 
illumination conditions, use these same values of j R  and 4R to define a local phase 4. 
We find all the zero-crossing points, say BD, of the experimental data, calculate all 
the expected crossing points, say BR, using equation (1) with fR and 4R, and finally 
define the local phase as 4 = (BD - ER)&; this procedure provides two points per 
oscillation. 

As we shall see, the phase shows many interesting effects. We sometimes see 
abrupt phase changes (usually half a cycle); in these cases the numerical procedure 
tends to result in a negative phase change of half a cycle, hut this is arbitrary to an 
integer number of cycles. Smoothly varying phase changes are not subject to the same 
arbitrariness. 

3. Results 

Most of the new pbonomena are seen only when the two subbands are occupied. 
Fortunately, when cooled in the dark,  the sample has no carriers in the upper subband 
and data taken under these conditions provide a useful basis for comparison with data 
taken when both subbands are occupied. 

3.1. Single-band occupancy 

A small selection of results on p,, for this case is shown in figure 1. As we mentioned 
in section 2 the waveforms in figure l(a) have been multiplied by sinhX/X and, as 
would be expected if equation (1) is appropriate, the waveforms taken at different T 
then become essentially identical. The amplitude A in equation (1) is independent of T 
within experimental error and theexponential decays that areseen in figure l(a) yield a 
Dingle temperature TD of about 1.3 K. At T - 4 K the oscillations are visible with good 
signal to noise until kT/hw, 0.5 hut are below the noise level by 0.6. All the data 
have been truncated at low B at the point where the signals become obviously noisy. 
The phases shown in figure I(b) exhibit no unexpected features. In our experience, 
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Figure 1. (a) Typkal data showing the oscillb 
tiom in the nsistivity &= as a fundion of inverse 
magnetic field when the sample has only one oc- 
cupied subband. The freqmency is very close to 
8.00 T. The waveforms have all been multiplied 
by the inverse of the thermal damping factor to 
remove the temperature dependence and thedata 
at 2.5 K and 3.5 K have been offset for clarity. A t  
1.0 K the zero field resistivity is 33.3 f2 and the 
mobility is 48.5 mz V-' a-'. (b) The phases of 
theosdllationsshownin (a). Thedataat2.5and 
3.5 K have been offset by -0.1 and -0.2 cyds. 
for clarity. 
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Figure 2. (a) The wdllatioas in the therm- 
power S,, ex+ a function of invase magnetic field 
for the sample in the same condition iui appm 
priste to fisure 1. The trace5 at successive tem- 
peratures haw been offset by multiples of 200 
pV K-'. W e  have dso multiplied the waveforms 
by the inverse of the thennal damping factor. (b) 
The phases of the oscillations shown in (a). Suc- 
cessive sets of data have been oRset by multiples 
of 0.5 cycle. 

the data in figure l(a) and (b) are typical of those from a heterojunction with a single 
occupied subhand and equation (1) is well obeyed (e.g. Fletcher el al 1990). 

The equivalent data for s,, are shown in figure 2. We do not expect equation (1) 
to be valid though it does give an approximate description of the waveforms. If TD 
is treated as a T dependent parameter (which of course is contrary to the spirit of 
equation (1)) then the values required to reproduce the data range from T, - 4 K at 
T = 1.5 K to T, - 5.5 K at T = 3.5 K. This shows that the amplitude S,, decays 
much more rapidly with B-' compared to that for pa,.  In fact the oscillations in 
figure 2(a) cannot be followed beyond kT/hw, - 0.33, and the data reproduced there 
are from an experimental run which gave the best signal to noise ratio. In agreement 
with previous work (D'Iorio el al 1988) we find S,, and & to be in phase, to within 
0.05 cycles, for k T / l w ,  < 0.2. However, at higher kT/hw, we see a smooth phase 
shift which appears to saturate at -(0.40 to 0.45) cycles in the data shown. 

The results on this part of the experiment can be summarized as follows. h, 
obeys equation (1) in both magnitude and phase. s,, shows a dependence on T/B 
contrary to equation (l), unless TD is taken to be a temperature dependent variable. 
The only new feature that we observe is the phase shift shown by s,, when kT/hw, > 
0.2. 
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3.2. Two-band occupancy 

The large majority of our results were obtained on the two case8 appropriate to the 
sample having just entered twoband occupancy, with an upper subband electron 
density nl < 0.1 x 10" m-a, and when it is saturated (i.e. shows no further change of 
electron density with illumination) with nl - 0.3 x IO" m-z. The quoted densities 
are run dependent so S,, and jSs can be compared only when both are from the same 
run and this is the case for all the data presented here. 

~~~ ~ ~~ ~ . .... 100 

0 

? - 
v 0 X 
I. 

v) 

x 

.- E -100 

- 0 -1  

h n 
a% - 

.-. 400 E 
ld n 0 

2 -2 
0 a 

-400 -3 

0 1 2 3 4 5 6  0 1 2 5 4 5 6  

B-'(T-') E-' (T-') 

Figure 3. (a) The oscillstions in the resistivity 5.. as a function of invem magnetic 
field for the sample in the saturated condition. All raveforms have been multiplied 
by the inverse of the thermal damping factor. Notice the scale change for the data 
at 3.0 K and 3.5 K. The traces have been offset to  arbitrary eel- for darity. The 
Lequmcy at the highs ficlda is 13.0 T and at 1.0 K the resistivity of the sampls is 
10.4 n giving an average mobility of 90 mz V-' 8-l (after including about 0.3 x 
IO" m-' electrons in the upper band). (h) The phaas of the oscillation shown in 
(a). Successive data sets have been offset by multiples of -0.5 cyck. 

'we first examine the jss results. Figure 3 shows the waveforms and phases for the 
saturated sample. The waveform at T = 1.0 K shows little amplitude modulation from 
the upper subband electrons and can be used to obtain an estimate of T, U 0.7 K. At 
B-I < 1.5 T-' for any T ,  the observed amplitude A in equation ( 1 )  is approximately 
a constant, i.e. in this field region the waveforms in figure 3(a) are very similar as 
expected from equation (1). Within a range determined by the conditions 5-' > 
1.5 T-' and kT/hw, < 0.35, the amplitude is seen to be modulated in a way similar 
to that described by Coleridge (1990) and Leadley et al (1989a), but in our case it 
is always quite weak. As noted by these authors, the modulation becomes stronger 
aa T increases but the positions of the maxima and minima of A are fixed. In the 
data shown in figure 3(a) the positions of the modulation minima are approximately 
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at E-' = 1.6,3.1 and 4.6 T-' which correspond to an upper subband oscillation 
frequency fl - 0.66 T or carrier density nl - 0.32 x 1015 m-'. 

The significant new features in these data appear for kT/hw,  > 0.35. In this range 
equation (1) becomes completely invalid and the amplitude A appears to increase very 
rapidly beyond this point. As can be seen in figure 3(a), at B-' - 4.0 T-' and 
T = 3.5 K (which corresponds to kT/hw, - 0.71) the actual waveform of ,jZz is over 
two orders of magnitude larger than we would have expected if we had used the data 
at T = 1.0 K and equation (1) as a guide. This anomalous amplitude dependence is 
so extreme that at 4 K we can see well resolved oscillations to kT/hw, - 0.80 whereas 
in the singleband case the limit is about 0.50. 

The phase information in figure 3(b) is also intriguing. For kT/hw, < 0.35 the 
phase is relatively constant (c.f. the whole of the data set taken at 1.0 K). Some 
structure is visible which is most noticeable at the positions of the amplitude minima 
mentioned above. Here the phase shows a relatively rapid rise amounting to a total of 
0.1-0.2 cycles. However, beyond kT/hw,  - 0.35 the phase for all data always shows 
a smooth decline which is close to linear in B-l, the slope being -0.60 T in the data 
shown and independent of T. This slope is the same (to within about 10%) as the 
frequency f l  of the oscillation from the upper subband. Another way of stating the 
same information is that the observed frequency in this region is f,, - fl (fo being the 
lower subband frequency) rather than fo. Coleridge (1990) mentions a similar effect 
but he does not associate it with the anomalous amplitude increase that we observe in 
the same region. Because the onset of the anomalous amplitude and phase dependence 
is controlled by kT/hw,,  it moves to higher B as T increases. As it does so it moves 
through the modulation minima and appears to be responsible for the zero amplitude 
at kT/bw,  - 0.35 noted above, and also produces an associated rather abrupt phase 
shift of 0.5 cycles seen in figure 3(b). As already noted, once kT/hw, exceeds 0.45, all 
amplitude minima and associated phase discontinuities disappear. 

,j== results for the c m  when the upper subband is only just occupied are shown 
in figure 4(a) and (b). Again, at B-' < 1.5 T-' the amplitude A seems to be 
independent of T and above ET/fw, - 0.35 the amplitude becomes T dependent and 
is anomalously large. This amplitude increase is associated with a phase decrease 
consistent with fl 0.1 T or nl - 0.05 x 1015 m-*. We see no distinct oscillations 
from the upper subband and this is in accord with the small value of nl. Although 
the effects in figure 4 are weaker than those in figure 3, they are consistent. 

With two subbands occupied the behaviour of &, is quite different from that 
of described above. Amplitude and phase data for the case of the sample just 
entering second-subband occupation are shown in figure 5(a) and (b). Each of the 
waveforms in figure 5(a) shows amplitude modulation with a minimum whose position 
is temperature dependent. The locations of the minima for this set of data are B-' = 
1.95h0.05, 1.62h0.05, 1.40zk0.05, 1.35f0.010, 1.29h0.10 and 1.30fO.l0T-' 
for temperatures of 1.5, 2.0, 2.6, 3.0, 3.5 and 3.9 K respectively. The locations vary 
somewhat from run to run and presumably depend on n 1  but certainly do not scale 
as kT/fw,. Associated with each minimum is a phase shift (figure 5(b)). At  low T 
the amplitude goes to zero at the minimum and the phase shift, which occurs at the 
same point, is abrupt and amounts to 0.5 cycle. At higher T there is no zero in the 
amplitude but a phase shift of 0.5 cycle still occurs, albeit spread over a number of 
cycles. At the positions of the minima there is no analogous behaviour seen in ,jZz. 

The saturated sample shows a more complex behaviour of .?,.., figure 6(a) and (b), 
but one which has some features in common with that described above. At  2.6 K two 
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Figure 4. (a) The oscillations in the resistivity 
5.. as a functim of inverse mnsnetic field for the 
sample in which the second subband is only just 
-pied AU rravefom have been multiplied by 
the invase of the t h e d  damping factor. The 
frequency is 9.80 T and the -field resistivity 
at 1.0 K is 18.9 f 2  Gving a mobility of 70 m2 V-' 
s-l, (b) The phaMs of the oscillations shown 
in (a). Successive data set* ham been oflset by 
multiples of -0.1 cyde. 
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Figure 5: (a) The millations in the thep 
mopowe S,. as a function of invcrje magnetic 
field for the -le in the ~ a m c  condition as is 
appropriate to fisure 4. AU the ravef~ama have 
been multiplied by the inv- of t h e d  d a m p  
ing fsctw. (b) The phsees of the data shown in 
(a) vithesFhBuceessimdstaBetoRset byamul- 
tiple of -0.5 cy&. 

strong modulation minima are evident and each is associated with an abrupt phase 
shift of 0.5 cycle. The two minima show a different behaviour as a function of T. The 
one at higher B has a location which is clearly T dependent in a manner similar to 
the case when the second subband is barely occupied though all the locations have 
now moved to higher fields. However, at T = 2 K this minimum is weak and by 1.5 K 
it has disappeared; in both these cases there are no strong phase changes to be seen. 
At 3.0 and 3.5 K the minimum is clearly visible, as is the associated phase change, 
though by 3.5 K it is moving out of the range of these data and it is not clear if the 
phase change is still 0.5 cycles. 

The other minimum at lower field (B-' - 2.3 T-' in these data) is visible over 
the range 2.0-3.5 K and its location appears to be independent of T and coincident 
with a modulation marimlrm in c==. By 1.5 K there is only a weak minimum and this 
has no large phase shift associated with it. The location of this minimum varies from 
run to run and clearly depends on the upper subband electron density. Aowever, the 
qualitative features noted here remain unchanged. 

4. Discussion 

Most of the new features that we observe seem to be triggered by, or at least accen- 
tuated by, occupation of the second subband and comprise: 
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Figure 6. (a) The oscillations in the themnopaver L. as a function of inverse 
magnetic field for the sample in the same condition ari is appropriate to figure 3. 
Al l  waveforms have been multiplied by the in- of the thermal damping factor. 
@) The ph- of the oscihtiona shorn in (a). The data at 2.0 K, 2.5 K,  3.0 K and 
3.5 K have been offset by -0.5,-1.0, -2.0 and -3.0 cycles respectively. 

(i) the anomalous amplitude increase of &, beyond kT/hw, - 0.35 (figure 3(a)) 
and the associated steady phase decrease which is linear in E-' (figure 3(b)); the 
mechanism responsible for this seems to interfere with the usual oscillatory amplitude 
modulation (i.e. caused by the Landau levels of the upper suhband passing through 
E ~ )  in such a way that when an oscillatory minimum is near kT/hwc N 0.35, the 
amplitude goes to zero and there is an associated abrupt 0.5 cycle phase change. 

(ii) the amplitude minimum, seen in g,, (figure 5(a) and S(a)) in the range 
B-' =0.9-1.6 T-' which has a T dependent location, and which has no counter- 
part in &=; there is a phase shift of 0.5 cycles associated with this feature (figure 5(b) 
and 6(b)) and under some conditions this phase shift is abrupt. 

(iii) the subsequent amplitude minimum and phase reversal seen in g,, for the 
saturated sample (near B-' = 2.3 T-' for the data reproduced in figure 6(a) and(b)); 
the location of this minimum is independent of T and corresponds to a man'naum in 
the amplitude modulation of Fa,. 

In addition there is the phase shift that is observed in s,, for the sample with 
only a singly occupied subband (figure 2(a)). 

We believe that the presence of inelastic inter-Landau level electron scattering is 
responsible for most, if not all, of these phenomena. In_the absence of a quantitative 
theory for the effect of this type of scattering on h, and S,, , we attempt to understand 
the main features of the data in a qualitative way. 

We first focus on &,. The oscillations we see are almost certain to be due only 
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to phonon drag (c.f. Fletcher et a1 1990) which is controlled by inelastic phonon 
scattering. It is known that diffusion thermopower will show phase shifts relative 
to &, of u p  to 0.5 cycles (Eavlov& and SmrCka 1986), hut in the present case the 
monotonic diffusion thermopower probably never exceeds 10 pV K-' in magnitude. 
However, the magnitude of the oscillations that we observe never drops significantly 
below 1 cV K-' (and this only a t  the highest k T / h c )  and 80 to  identify them a8 due 
to diffusion implies that the oscillations in the diffusion thermopower are at least as 
large as the monotonic parts (and at a low kT/hw, considerably larger). We believe 
that this is inconsistent with the current theory. These statements can probably 
be made completely convincing only by examining s,= at much lower temperatures 
where phonon drag effects become small. (This is especially true when one compares 
the situation with that for bulk metals where g,, is known to be due only to diffusion 
effects (Fletcher 1983).) Meanwhile we proceed with the assumption that s,, is 
completely dominated by phonon drag and hence inelastic scattering of the electrons. 

The behaviour in (ii) above suggests that we are observing two contributions to s,, which have different dependences on T / B  and which are essentially in antiphase. 
We believe that these two contributions are to be identified with inelastic infra-Landau 
level scattering, dominant a t  low kT/hw,, and inelastic interlandau level scattering, 
dominant at high kT/hw,. The observed transition point, i.e. the position of the 
modulation minimum in S,,, takes place in the range kT/hw, d.15-0.25, which is 
rather low for inter-Landau level scattering within a single band if we accept the 
dominant phonon mode argument of Kent et a1 (1988) as applied to heat pulses; 
this argument equates the energy of the dominant phonon mode in the heat pulse 
(2.8kTph) with that of the Landau level separation to  give kT,,/hw, =0.35t. In our 
case the presence of the second subband Landau levels means that there is always a 
pair of levels near cF that lie within ihwc of each other suggesting that the appropriate 
condition might be relaxed to kT/hw, - 0.18 which is then similar to the experimental 
values. 

The second amplitude minimum in s,, described in (iii) supports this identifica- 
tion of inelastic inter-Landau level scattering being dominant at high kT/Rw,. The 
fact that the modulation in S,, is in antiphase with that in li., indicates that the 
mechanism responsible is a t  a minimum when an upper subband Landau level is coin- 
cident with +. This is what we would expect for inter-Landau scattering and opposite 
to  that expected from intra-Landau level scattering which is presumed to control PI= 
in this range. 

Because the two mechanisms give oscillations in antiphase, the crossover point 
where the dominant mechanism switches from one to the other should be indicated by 
an abrupt phase change of 0.5 cycle. This is generally in accord with the observations 
described in (ii). Under some circumstances, e.g. figure 5(b) at higher tempertures, 
the phase changes slowly with field though the overall change is always consistent 
with 0.5 cycle. This might suggest that the two mechanism are not always exactly in 
antiphase but a more detailed model would be needed to explain these features. The 

t One of the re faea  has pointed out the following subtle pint.  In the heat pulse experiments lhe 
phonon energy diatribution is taken lo be thal of a black body with a spectrum N z3/(e" - 1 )  where 
z = hv/kTph, U being the phmon fmqwncy and Tpb the lemperature-of the heater; this peaks at 
I N 2.8 giving kTph/fiWC +, 0.35 in the experiments. In the -e of S., il might be argued wlst 
the heat is the relevant quantity and with a fixed phonw mean f m  path the appropriate 
spectrum is thal of the specific heal rather than the energy, i.e. z'es/(d- I)*; this peaks at I = 3.8 
giving kT/& N 0.26. Of a l u m  this p int  is not relevant lo PI=. 
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absence of any strong phase changes in s,, for the saturated sample at 1.5 and 2.0 K 
(figure 6(a)) suggests that inter-Landau level scattering is never dominant under these 
conditions though the amplitude modulation is consistent with its presence in both 

It seem reasonable to associate the phase shifts observed in g,, for the sample 
with only a singly occupied band (figure 2(b)) to the same transition from inelastic 
intra- to inelastic inter-Landau level scattering though it would be more convincing 
if the phase changes were abrupt. We should also point out that we have examined 
other samples which showed no strong phase change in the region of interest. Also the 
phase shift appears near kT/tcw, - 0.25 which is rather low for the dominant mode 
argument to be convincing (see the previous footnote which shows that a modified 
argument can predict a value of kT/hw,  claser to that observed). On the other hand 
the amplitude of the oscillations in s,, is particularly small for this sample, which 
may be a result of the high mobility and consequent small Landau level broadening. 
This would tend to reduce the contribution from inelastic intra-Landau level scattering 
and so perhaps inuease the likelihood of observing inter-Landau level scattering. This 
possibility must be considered speculative but might be checked by measuring s,, for 
samples with a wide range of mobilities. 

If inelastic inter-Landau level scattering between two subbands were the dominant 
mechanism for s,, at high kT/hw,,  we would expect the phase of the oscillations to 
be controlled by the d a t i v e  positions of the two sets of Landau levels with respect 
to each other. This implies that we would see an effective frequency of fa - ft in 
this region but the data are more consistent with jo - zfl where I lies between 1 
and 2. An observation that suggests this discrepancy is real is that between the 
points where the phase shift makes abrupt 0.5 cycle transitions (figure 6(b) for the 
data at T = 2.5,3.0,3.5 K) the phase decreases by close to one complete cycle within 
experimental error. We believe that the position of the phase discontinuity at low B 
(B-' - 2.3 T-') is independent of T, but the other one is not. If this is so then 
the phase as a function of E-' must have a slope which depends on T suggesting an 
alternative explanation must be found. 

We now turn to the behaviour of ,jzz. When kT/hw; < 0.3 the oscillations are 
presumed to result from both intra- and inter-subband elastic scattering (Coleridge 
1990). In this region equation (1) serves as a first approximation to the observed 
behaviour and Coleridge bas shown that the increasing amplitude modulation as the 
temperature rises is consistent with this mechanism. When kT/hw, > 0.35 the be- 
haviour is quite different. The amplitude A (assuming equation (1) to be applied) 
rises by orders of magnitude and amplitude modulation is suppressed. Furthermore 
there is a continuous phase shift indicating an actual frequency close to fa - fl. All 
of these features imply that a different physical mechanism is responsible for the os- 
cillations. We tentatively identify this with inelastic inter-Landau level scattering. A 
feature which does support this identification is the appearance of the zero amplitude 
whenever an amplitude minimum coincides with kT/hw, U 0.35. Such a behaviour 
could result from elastic inter-subband scattering being at a minimum here, via the 
Coleridge mechanism, so that inelastic inter-Landau level scattering (which is in an- 
tiphase) can become dominant at this point. As the temperature is increased still 
further, the latter mechanism presumably increases the amplitude A very rapidly apd 
so the minimum is no longer visible. According to our previous arguments for S,, 
we would have expected the minimum to become a maximum and if one looks closely 
at the data for ,jzs at 3.5 K,  figure 3(a), there is in fact evidence for a maximum 

C W .  
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superimposed on the rapid increase, but this is weak and not completely convincing. 
In principle, hot electron studies could distinguish the presence of elastic and in- 

elastic scattering in &=. If the former was appropriate, the oscillations would depend 
only on the temperature of the electrons and not on that of the lattice. In the latter 
case both temperatures would be relevant. Interestingly Leadley et a/ (1989b) have 
published results on hot electron experiments for two samples in which the second 
subbands are occupied. They show that for kT/hu, > 0.30 there is an apparent in- 
crease in the electron energy loss rate which they ascribe to cyclotron phonon emission 
(i.e. phonons of energy rW, being emitted as the electrons cool). However, our data 
show that the thermal damping factor X/sinh X is invalid in this situation and, if 
used, would lead to much lower apparent temperatures being obtained than really 
exist. Thus an alternative explanation of their results is that they have also seen the 
anomalous amplitude increase and misinterpreted it as indicating a lower tempera- 
ture. We should point out that a single sample in which only the lower subband was 
occupied was also investigated by them and indicated a similar behaviour; we have 
not seen any anomalous amplitude increase at high kT/hw, for such samples and we 
believe the thermal damping factor to be appropriate in this case. Clearly the area 
needs clarification. 

Another experiment on which the present results could have a bearing is that 
of Blom el a1 (1990) who report the thermal damping factor to be inaccurate in 
their sample. They analysed their results in terms of an apparent variation of the 
effective mass m' which had to be used in order to force the thermal damping factor 
to produce the same temperatures as those actually measured. They found that 
beyond kT/hw,  - 0.30 the apparent effective maSS was a function of kT/hw, and had 
decreased to about 40% of its usual value by kT/hw, - 0.6. Again, this is consistent 
with the anomalous amplitude that we find in this region when the second subband is 
occupied. Since BIom et a1 do not show any original data it is not clear if the second 
subband is occupied, but this is a possibility in view of the fact that the electron 
density of their sample is 4.5 x IO'' m-*. 

5. Conclusions 

Many new phenomena have been found in the present investigation into the quantum 
oscillations in the thermopower and resistivity. Because the thermopower in the 4He 
temperature range is primarily due to phonon drag, it is an ideal probe to examine 
inelastic electron-phonon scattering. The various amplitude and phase effects that 
we have seen in the thermopower oscillations seem to have a natural explanation 
in terms of a transition from inelastic intra-Landau level scattering at low kT/hwc 
to inelastic inter-Landan level scattering at high kT/hu,. There seems little doubt 
that these mechanisms exist and the question was basically whether the experimental 
results were consistent with those that might be expected. Although there are same 
details which are not clear, the overall conclusion is that the data and the proposed 
mechanisms are indeed consistent. A model calculation would be required to be able 
to say more than this. 

The new effects observed in the resistivity are probably also consistent with a tran- 
sition from elastic intra- and inter-Landau level scattering at low kT/hu, to inelastic 
inter-Landau level scattering at high kT/hw, but the picture is less clear in this case. 
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